Abstract. The purpose of this note is to describe the base space of an almost paracontact submersion. Here the base space is an almost para-Hermitian manifold. So, the paper intertwines paracontact and para-Hermitian structures via the theory of submersions.
Introduction
Almost paracontact metric submersions are Riemannian submersions whose total space is endowed with almost paracontact metric structure. They were introduced by Gündüzalp and Sahin [5] who considered the case of semi-Riemannian manifolds. Their study focused on the transfer of the structure from the total to the base space, the latter being also a paracontact metric manifold, extending the study of Watson [15] . In [13] , we studied the geometry of the fibres regarding their structures and implications on the total and the base space.
Regarding the similarity between contact and paracontact structure, as indicated by Sato [8, 9] , it seems interesting to examine the same similarities via submersions. In the present paper, we describe the structure of the base space when it is endowed with an almost para-Hermitian metric.
The paper is organized as follows. Section §2 is devoted to the preliminaries on manifolds where we consider almost para-Hermitian structures. Following Gray and Hervella [4] , we have adapted the defining relations of almost para-Hermitian structures which can be also found in [10] . Almost paracontact structures are reviewed. In Section §3, we treat the case of almost paracontact metric submersions where, after recalling fundamental properties, we have examined the structure of the base space according to that of the total space. Note that, as in [15] , this class of submersions will be called almost paracontact submersions of type II.
Preliminaries on manifolds

Almost para-Hermitian manifolds
Let M 2m be a smooth manifold of even dimension 2m. Consider an almost para complex structure J such that J 2 = I, where I is the identity transformation. If there exists on M a metric tensor g such that g(JD, JE) = −g(D, E), then the couple (g, J) is called an almost para complex metric structure (or an almost paraHermitian metric). So, (M 2m , g, J) is an almost para-Hermitian manifold.
As in the case of almost Hermitian manifolds, see for example [14, 16] , the fundamental 2−form Ω, of the structure (g, J) is given by Ω(D, E) = g(D, JE). If further, J is parallel along the Levi-Civita connection ∇, (meaning that ∇J = 0), then the manifold is said to be para-Kählerian.
Let us note some remarkable classes of almost para-Hermitian structures susceptible to be used in this study.
Following Gray and Hervella [4] , see also [10] , an almost para-Hermitian manifold is called:
Almost paracontact metric manifolds
Let M be a differentiable manifold of dimension 2m + 1. An almost paracontact structure on M is a triple (ϕ, ξ, η), where:
(1) ξ is a characteristic vector field, (2) η is a 1−form such that η(ξ) = 1, and (3) ϕ is a tensor field of type (1, 1) satisfying
where I is the identity transformation. If M is equipped with a Riemannian metric g such that
then (g, ϕ, ξ, η) is called an almost paracontact metric structure. So, the quintuple (M 2m+1 , g, ϕ, ξ, η) is an almost paracontact metric manifold. As in the case of almost contact metric manifolds, any almost paracontact metric manifold admits a fundamental 2−form, φ, defined by
For some remarkable classes, we have the following defining relations.
An almost paracontact manifold is said to be:
where N ϕ is the Nijenhuis tensor of ϕ.
(2) para-contact if φ = dη, (3) para-K-contact if it is para-contact and ξ is Killing, (4) para-cosymplectic if ∇η = 0 and ∇φ = 0, (5) almost para-cosymplectic if dφ = 0 and dη = 0, (6) para-Sasakian if φ = dη and M is normal, Following [5, 10] , it is known that
where L denotes the Lie derivative.
Moreover, if N (1) = 0 then N (2) = 0. The vanishing of the tensor N (1) means that the manifold is normal.
Note that almost paracontact metric manifolds have been studied by Dacko [2] , Dacko and Olszak [3] , Kaneyuki and Williams [6] , Sato [8, 9] , Zamkovoy [17] among others.
Some Examples
Note by M 2m+1 (R) the set of (2m + 1) real matrices.
it is easy to verify that (ϕ, ξ, η) is an almost paracontact structure.
contact structure.
In [3] , Dacko and Olszak constructed an example of para-cosymplectic structure in the following way. Let (N, J, G) be a para-Kählerian manifold. Consider the structure (ϕ, ξ, η, g) defined on the product manifold M = N × R by ϕ = (J, 0), η = dt, ξ = ∂ ∂t and g = G × dt 2 where t is the Cartesian coordinate on R. Then (ϕ, ξ, η, g) is para-cosymplectic.
Following the previous example, others can be constructed by taking (N, J, G) in the various classes of almost para-Hermitian manifolds such as: almost paraKählerian, quasi para-Kählerian and so on. Thus, we obtain the defining relations of almost para-cosymplectic and quasi para-cosymplectic respectively.
Almost paracontact submersions of type II
be an almost paracontact metric manifold and an almost para-Hermitian one. By an almost paracontact metric submersion of type II in the sense of [15] see also [11, 12] , one understands a Riemannian submersion
Recall that the tangent bundle T (M ) of the total space M has an orthogonal decomposition
where V (M ) is the vertical distribution while H(M ) designates the horizontal one. In [7] , O'Neill has defined two configuration tensors T and A, of the total space of a Riemannian submersion by setting
A D E = V∇ HD HE + H∇ HD VE.
Here, H and V designate the horizontal and vertical projections respectively.
A vector field X of the horizontal distribution is called a basic vector field if it is π−related to a vector field X * of the base space M ′ . Such a vector field means that π * X = X * .
On the base space, tensors and other objects will be denoted by a prime ' while those tangent to the fibres will be specified by a carretˆ. For instance,N J denotes the Nijenhuis tensor of J on the fibres and N J ′ on the base space. Herein, vector fields tangent to the fibres will be denoted by U, V and W.
The fibres of almost paracontact submersions, say of type I, have been treated in [13] . Let us say something about the structure of the fibres of the under consideration type of submersions.
′ be an almost paracontact metric submersion of type II. Then, the fibres are almost paracontact metric manifolds.
Proof. Clearly the fibres are 2(m−m ′ )+1-dimensional submanifolds. Let (g, ϕ, ξ, η) be the almost paracontact metric structure of the total space; note by (ĝ,φ,ξ,η) its restriction on the fibres. The problem is to show that (ĝ,φ,ξ,η) is an almost paracontact metric structure. Indeed, let U and V be two vertical vector fields tangent to the fibres. We havê
Next, we overview some of the fundamental properties of this type of submersions, which also appear in [15] .
Fundamental properties
′ be an almost paracontact metric submersion of type II. Then,
Proof. Let X and Y be basic vector fields. We have
It is known that if U is vertical, then it is in the kernel of π * . But π * ϕU = J ′ π * U. Since π * U = 0, then π * ϕU = 0 which shows that ϕU is vertical because it is in the kernel of π * . This is the proof of assertion (2) .
Concerning assertion (3), let X be horizontal and U vertical. At assertion (2), we have shown that ϕU is vertical so that g(X, ϕU ) = 0. On the other hand, g(X, ϕU ) = −g(ϕX, U ); therefore ϕX is horizontal because it is orthogonal to U which is vertical.
Let us examine the case of assertion (4). It is clear that J ′ π * ξ = π * ϕξ = 0 because ϕξ = 0. This is to explain why J ′ π * ξ = 0 which implies that π * ξ = 0 and so ξ ∈ kerπ * .
To establish assertion (5), remember that η(X) = g(X, ξ) = 0 since ξ is vertical and X is horizontal.
Regarding assertion (6) , since π * is an isometry on horizontal vector fields, one has
As π * ξ = 0, then
With π * ϕ = J ′ π * in mind, we have
′ be an almost paracontact metric submersion of type II. Then, (1) ϕX is basic associated to J ′ X * if X is basic;
Since π * ϕX = J ′ π * X, and π * X = X * , then π * J ′ X = J ′ X * which shows that ϕX is basic associated to J ′ X * .
According to [7] ,
3.2. Structure of the base space
′ be an almost paracontact metric submersion of type II. If the total space is para-cosymplectic, quasi para-Sasakian or para-Kenmotsu, then the base space is para-Kählerian.
Proof. In this proposition, the proof consist in showing that dΩ ′ = 0 = N J ′ . Let X, Y and Z be three basic vector fields. For a para-cosymplectic manifold, we can refer to its defining relation ∇ X ϕ = 0 which gives (∇ ′ X * )J ′ = 0 and this is the defining relation of a para-Kähler structure on the base space.
Concerning the quasi para-Sasakian structure, the defining relation dφ = 0 gives dΩ ′ = 0. Since N (1) = 0 then N J ′ = 0. We then reach the defining relation of a para-Kähler structure on the base space.
Consider the case of a para-Kenmotsu manifold, which is defined by dφ(D, E, G) = 
Therefore, the base space is defined by dΩ ′ = 0 = N J ′ , which are the defining relations of the para-Kähler structure.
′ be an almost paracontact metric submersion of type II. If the total space is almost para-cosymplectic or an almost para-Kenmotsu manifold, then the base space is almost para-Kählerian.
Proof. As in the preceding proposition, the problem is to show that dΩ ′ = 0 which is the defining relation of an almost para-Kähler structure.
Let the total space M be endowed with an almost para-cosymplectic structure. As in the preceding proposition, on the base space, its defining relation gives dΩ ′ = 0 which defines an almost para-Kähler structure.
Concerning the case of almost para-Kenmotsu structure, we also have dΩ ′ = 0 because dφ = 0 which gives dΩ ′ = 0 as already established.
Proposition 3.6. Assume that π :
′ is an almost paracontact metric submersion of type II. If the total space is nearly para-cosymplectic, nearly para-Kenmotsu or closely para-cosymplectic, then the base space is nearly paraKählerian.
Proof. To establish that the base space is nearly para-Kählerian, we have to show that (∇ ′ X * J ′ )X * = 0.
